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LELONG NUMBERS OF m−SUBHARMONIC
FUNCTIONS
AMEL BENALI AND NOUREDDINE GHILOUFI
Abstract. In this paper we study the existence of Lelong num-
bers of m−subharmonic currents of bidimension (p, p) on an open
subset ofCn, whenm+p ≥ n. In the special case ofm−subharmonic
function ϕ, we give a relationship between the Lelong numbers of
ddcϕ and the mean values of ϕ on spheres or balls. As an appli-
cation we study the integrability exponent of ϕ. We express the
integrability exponent of ϕ in terms of volume of sub-level sets of
ϕ and we give a link between this exponent and its Lelong number.
1. Introduction
In complex analysis and geometry, the notion of Lelong numbers of
positive currents has many applications. A famous result due to Siu
[7], proves that if T is a positive closed current of bidimension (p, p)
on an open set Ω of Cn, then the level subset ET (c) of points z where
the Lelong number νT (z) of T at z is greater than or equal to c is an
analytic set of dimension less than or equal to p for any real c > 0.
In a particular case, if u is a plurisubharmonic function on Ω then
the Lelong number νu(a) of u (of the current dd
cu) at a point a ∈ Ω
characterizes the complex singularity exponent ca(u) of u at a. In fact,
Skoda [8] stated the following inequalities:
1
νu(a)
≤ ca(u) ≤
n
νu(a)
.
This result was enhanced by Demailly and Pham [3], who showed a
sharp relationship between this exponent and the Lelong numbers of
currents (ddcϕ)j at a for 1 ≤ j ≤ n.
In 2005, Blocki [1] posed a problem about the integrability exponents
ofm−subharmonic functions, he conjectured that everym−subharmonic
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function belongs to Lqloc(Ω) for any q <
nm
n−m
ie. the integrability ex-
ponent (the supremum of q) is greater than or equal to nm
n−m
. This
problem may be similar, but different, to the study of the complex
singularity exponents of plurisubharmonic functions. To study this
similar problem, we need a suitable definition of Lelong numbers of
m−subharmonic functions. In 2016, Wan and Wang [9] give the defi-
nition of the Lelong number of an m−subharmonic function ψ as the
Lelong number of the current ddcψ:
νψ(x) = lim
r→0+
1
r
2n
m
(m−1)
∫
B(x,r)
ddcψ ∧ βn−1.
Our aim is to find a link between the integrability exponents of ψ and
its Lelong numbers. To reach this aim, we need to know more proper-
ties of Lelong numbers.
The paper is organized as follows: in section 2, we introduce the
basic concepts which will be employed in the rest of this paper. In-
deed, we recall the notions of m−positive currents, m−subharmonic
functions and their Lelong numbers with some properties.
Section 3 is devoted to the study of the existence of Lelong num-
bers of m−positive currents. We start by proving, the main tool in
this study, the Lelong-Jensen formula. By this formula we conclude
that, for an m−positive m−subharmonic current T on Ω, the Lelong
function νT (a, ) associated to T at a ∈ Ω is increasing on ]0, d(a, ∂Ω)[.
Thus, its limit at zero νT (a) exists. Moreover, we study the case of
an m−negative m−subharmonic current S, we show that νS(a) exists
with the assumption that t 7→ t
−2n
m
+1νddcS(a, t) is integrable in a neigh-
borhood of 0.
In section 4, we give a relationship between the Lelong number of an
m−subharmonic function ψ at a ∈ Ω and its mean values on spheres
and balls. We conclude then that the map z 7−→ νψ(z) is upper semi-
continuous on Ω.
Finally, as an application, we study in the last section the integra-
bility exponent ıK(ψ) of an m−subharmonic function ψ on a compact
subset K of Ω. We prove that if ψ < 0 on a neighborhood of K then
we have
ıK(ψ) = sup
{
α > 0; ∃ Cα > 0, ∀ t < 0 V ({ψ < t}) ∩K) ≤
Cα
|t|α
}
.
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At the end, we show that if νϕ(a) > 0 then
n
n−m
≤ ıa(ψ) ≤
nm
n−m
.
In particular if the Blocki conjecture is true then we have ıa(ψ) =
nm
n−m
.
We claim that this equality is true for m = 1 and νψ(a) > 0 and this
result can be viewed as a partial answer for the Blocki conjecture.
2. Preliminaries
Throughout this paper Ω is an open set of Cn and m is an integer
such that 1 ≤ m < n. We use the operators d = ∂+∂ and dc = i
4pi
(∂−∂)
in order to have ddc = i
2pi
∂∂. We set β = ddc|z|2 and
φm(r) = −
1
( n
m
− 1)r2(
n
m
−1)
.
For x ∈ Cn, r > 0 and 0 < r1 < r2 we set
B(x, r1, r2) = {z ∈ C
n; r1 < |z − x| < r2}
and
B(x, r) = {z ∈ Cn; |z − x| < r}.
In this part we recall some definitions ofm−positivity cited by Dhouib-
Elkhadhra in [4].
Definition 1.
(1) A (1, 1)−form α on Ω is said to be m−positive if αj ∧ βn−j ≥ 0
(in sens of currents) for every 1 ≤ j ≤ m.
(2) A (p, p)−form α on Ω is strongly m−positive if
α =
N∑
k=1
akα1,k ∧ · · · ∧ αp,k
where N =
(
n
p
)
and α1,k, . . . αp,k are m−positive (1, 1)−forms
and ak ≥ 0 for every k.
(3) A current T of bidimension (p, p) on Ω with m + p ≥ n is
said to be m−positive if 〈T ∧ βn−m, α〉 ≥ 0 for every strongly
m−positive (m+ p− n,m+ p− n)− test form α on Ω.
(4) A function ϕ : Ω → R ∪ {−∞} is said to be m−subharmonic
(m−sh for short) if it is subharmonic and ddcϕ is anm−positive
current on Ω.
We set SHm(Ω) the set of m−subharmonic functions on Ω.
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In general, if T is an m−positive current of bidimension (p, p) on Ω
and a ∈ Ω, the m−Lelong function of T at a is defined by:
νT (a, r) :=
1
r
2n
m
(m+p−n)
∫
B(a,r)
T ∧ βp.
for r < d(a, ∂Ω). The Lelong number of T at a, when it exists, is
νT (a) = lim
r→0+
νT (a, r).
Here, we give a short list of the most basic properties of m − sh
functions:
Proposition 1. Let Ω ⊂ Cn be a domain.
(1) If ϕ ∈ C2(Ω), then ϕ is m−sh if and only if
(ddcϕ)k ∧ βn−k ≥ 0
for k = 1, 2, ..., m, in the sens of currents.
(2) PSH(Ω) = SHn(Ω) ( SHn−1(Ω) ( ... ( SH1(Ω) = SH(Ω).
(3) SHm(Ω) is a convex cone.
(4) If ϕ is m−sh and γ : R→ R is a C2−smooth convex, increasing
function then γ ◦ ϕ is also m−sh.
(5) The standard regularization ϕ∗ρε of an m−sh function is again
m− sh.
(6) The limit of a uniformly converging or decreasing sequence of
m−sh functions is either m−sh or identically equal to −∞.
Now we recall some classes of m−sh functions on Ω, in relation with
the definition of the complex Hessian operator called Cegrell classes
(see [5] for more details):
• E0,m(Ω) is the convex cone of bounded negative m−sh function
ϕ on Ω such that
lim
z→∂Ω
ϕ(z) = 0 and
∫
Ω
(ddcϕ)m ∧ βn−m < +∞.
• Fm(Ω) is the class of negative m−sh functions on Ω such that
there exists a sequence (ϕj)j in E0,m(Ω) that decreases to ϕ and
sup
j
∫
Ω
(ddcϕj)
m ∧ βn−m < +∞.
• We denote by Em(Ω) the subclass of negative m−sh functions
on Ω that coincides locally with elements of Fm.
In the next, we introduce some properties that will employed in the
sequel:
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Proposition 2. (See [5])
• E0,m(Ω) ⊂ Fm(Ω) ⊂ Em(Ω).
• If ϕ ∈ E0,m(Ω) and ψ ∈ SH
−
m(Ω), then max(ϕ, ψ) ∈ E0,m(Ω).
• If ϕ ∈ Fm(Ω) then
∫
Ω
(ddcϕ)p ∧ βn−p < +∞.
Lemma 1. (See [5]) Suppose that ϕ1, . . . , ϕ2 ∈ Fm(Ω) and h ∈ E0,m(Ω).
Then we have∫
Ω
−hddcϕ1 ∧ · · · ∧ dd
cϕm ∧ β
n−m
≤
(∫
Ω
−h(ddcϕ1)
m ∧ βn−m
) 1
m
. . .
(∫
Ω
−h(ddcϕm)
m ∧ βn−m
) 1
m
.
3. Lelong numbers of m−subharmonic currents
The aim of this part is to prove the existence of the Lelong number of
m−subharmonic currents. The main tool is the Lelong-Jensen formula.
Proposition 3. (Lelong-Jensen formula) Let T be a current of bidi-
mension (p, p) on Ω such that T and ddcT are of zero order on Ω. Then
for every a ∈ Ω and 0 < r1 < r2 < d(a, ∂Ω), we have
A(r1, r2) := νT (a, r2)− νT (a, r1)
=
1
r
2n
m
(m+p−n)
2
∫
B(a,r2)
T ∧ βp −
1
r
2n
m
(m+p−n)
1
∫
B(a,r1)
T ∧ βp
=
∫ r2
r1
(
1
t
2n
m
(m+p−n)
−
1
r
2n
m
(m+p−n)
2
)
2tdt
∫
B(a,t)
ddcT ∧ βp−1
+
∫ r1
0
(
1
r
2n
m
(m+p−n)
1
−
1
r
2n
m
(m+p−n)
2
)
2tdt
∫
B(a,t)
ddcT ∧ βp−1
+
∫
B(a,r1,r2)
T (ξ) ∧ β(ξ)n−m ∧ (ddcφ˜m(ξ − a))
m+p−n.
where φ˜m(ζ) = φm(|ζ |).
Proof. Without loss of generality, we can assume that a = 0. We use
B(r) and B(r1, r2) instead of B(0, r) and B(0, r1, r2). We set S(r) =
∂B(r).
Suppose first that T is of class C2. Then thanks to Stokes formula, we
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have
(3.1)
∫ r2
r1
2tdt
t
2n
m
(m+p−n)
∫
B(t)
ddcT ∧ βp−1
=
∫ r2
r1
2tdt
t
2n
m
(m+p−n)
∫
S(t)
dcT ∧ βp−1
=
∫ r2
r1
2tdt
∫
S(t)
dcT ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
=
∫
B(r1,r2)
d|z|2 ∧ dcT ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
=
∫
B(r1,r2)
dT ∧ dc|z|2 ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
=
∫
B(r1,r2)
d
(
T ∧ dc|z|2 ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
)
−
∫
B(r1,r2)
T ∧ (ddcφ˜m)
m+p−n ∧ βn−m
=
∫
S(r2)
T ∧ dc|z|2 ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
−
∫
S(r1)
T ∧ dc|z|2 ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
−
∫
B(r1,r2)
T ∧ (ddcφ˜m)
m+p−n ∧ βn−m
A simple computation shows that
(3.2)∫
S(r)
T ∧ dc|z|2 ∧ (ddcφ˜m)
m+p−n ∧ βn−m−1
=
1
r
2n
m
(m+p−n)
∫
S(r)
T ∧ dc|z|2 ∧ βp−1
=
1
r
2n
m
(m+p−n)
∫ r
0
2tdt
∫
B(t)
ddcT ∧ βp−1 +
1
r
2n
m
(m+p−n)
∫
B(t)
T ∧ βp.
The result follows from Equalities (3.1) and (3.2).
If T is not of class C2, we consider the set
ET := {r > 0; ||T ||(S(r)) 6= 0 or ||dd
cT ||(S(r)) 6= 0} .
As T and ddcT are of zero orders, then ET is at least countable. Let
(ρε)ε be a regularizing kernel and r ∈ Rr ET , then we have
lim
ε→0
∫
B(r)
T ∗ ρε ∧ β
p = lim
ε→0
∫
Cn
1lB(r)T ∗ ρε ∧ β
p =
∫
B(r)
T ∧ βp.
It follows that if 0 < r1 < r2 are two values outside ET then the result
is checked by regularization. If r1 or r2 is in ET , it suffices to take two
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sequences (r1,j)j and (r2,j)j in RrET which tend respectively to r1 and
r2 and apply the previous step with r1,j and r2,j. The result follows by
passing to the limit when j → +∞. 
As a consequence, we have:
Theorem 1. Let T be a current of bidimension (p, p) on Ω. Assume
that T is m−positive and ddcT ∧ βp−1 is a positive measure on Ω with
m+ p ≥ n. Then the Lelong number of T exists at every point of Ω.
This result is due to Wan and Wang for T = ddcϕ where ϕ is an
m−sh function.
Proof. Since T is an m−positive current on Ω then νT (a, ) is positive.
Moreover, thanks to Lelong-Jensen formula, νT (a, ) is increasing. It
follows that its limit νT (a) when r tends to 0 exists. 
The case of m−negative m−subharmonic currents is so different to
the previous case (of m−positive m−subharmonic currents). Indeed,
let T0 := φ˜m(dd
cφ˜m)
m−1; it is not hard to see that T0 is m−negative
m−subharmonic current of bidimension (n−m+ 1, n−m+ 1) on Cn
with ddcT0 ∧ β
n−m = δ0 and νT0(r) := νT0(0, r) =
cn
r2(
n
m−1)
for some
constant cn < 0. Thus the Lelong number of T0 at 0 doesn’t exist.
It follows that it is legitimate to impose a condition on an m−negative
m−subharmonic current to ensure the existence of its Lelong number,
this will be the aim of Theorem 2. But before giving such a condition,
we may study the local behavior of the Lelong function associated to
such a current.
Lemma 2. Let T be an m-negative m−subharmonic current of bidi-
mension (p, p) on Ω with m + p − 1 ≥ n. Then for every a ∈ Ω and
0 < r0 < d(a, ∂Ω), there exists c0 < 0 such that for any 0 < r ≤ r0 we
have:
νT (a, r) ≥
νddcT (a, r0)
1− n
m
r2(1−
n
m
) + c0
Proof. Without loss of generality, we can assume that a = 0. For r ≤ r0
we set:
ΥT (r) = νT (r)−
νddcT (r0)
1− n
m
r2(1−
n
m
)
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Thanks to Lelong-Jensen formula, for any r1 < r2 ≤ r0, one has:
ΥT (r2)−ΥT (r1)
= νT (r2)− νT (r1)−
νddcT (r0)
1− n
m
(
r
2(1− n
m
)
2 − r
2(1− n
m
)
1
)
= 2
∫ r2
r1
(
1
t
2n
m
(m+p−n)
−
1
r
2n
m
(m+p−n)
2
)
t
2n
m
(m+p−1−n)+1νddcT (t)dt
+2
∫ r1
0
(
1
r
2n
m
(m+p−n)
1
−
1
r
2n
m
(m+p−n)
2
)
t
2n
m
(m+p−1−n)+1νddcT (t)dt
+
∫
B(r1,r2)
T ∧ βn−m ∧ (ddcφ˜m)
m+p−n −
νddcT (r0)
1− n
m
(
r
2(1− n
m
)
2 − r
2(1− n
m
)
1
)
=
∫
B(r1,r2)
T ∧ βn−m ∧ (ddcφ˜m)
m+p−n −
νddcT (r0)
1− n
m
(
r
2(1− n
m
)
2 − r
2(1− n
m
)
1
)
+2
∫ r2
r1
t1−
2n
m νddcT (t)dt− 2
∫ r2
0
t
2n
m
(m+p−1−n)+1
r
2n
m
(m+p−n)
2
νddcT (t)dt
+2
∫ r1
0
t
2n
m
(m+p−1−n)
r
2n
m
(m+p−n)+1
1
νddcT (t)dt
=
∫
B(r1,r2)
T ∧ βn−m ∧ (ddcφ˜m)
m+p−n + 2
∫ r2
r1
(νddcT (t)− νddcT (r0))t
− 2n
m
+1dt
−2
∫ r2
0
t
2n
m
(m+p−1−n)+1
r
2n
m
(m+p−n)
2
νddcT (t)dt+ 2
∫ r1
0
t
2n
m
(m+p−1−n)+1
r
2n
m
(m+p−n)
1
νddcT (t)dt ≤ 0.
Indeed, since T is m−negative then T ∧ βn−m ∧ (ddcφ˜m)
m+p−n is a
negative measure so∫
B(r1,r2)
T ∧ βn−m ∧ (ddcφ˜m)
m+p−n ≤ 0.
Moreover, as ddcT is an m−positive closed current, then thanks to
Theorem 1, νddcT is an increasing function on ]0, r0]. Hence we have∫ r2
r1
(νddcT (t)− νddcT (r0))t
− 2n
m
+1dt ≤ 0.
Furthermore, if we set
f(r) = −
1
r
2n
m
(m+p−n)
∫ r
0
t
2n
m
(m+p−1−n)+1νddcT (t)dt
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then f is an absolutely continuous function on ]0, r0] and satisfies:
f ′(r) =
2n
m
(m+ p− n)
r
2n
m
(m+p−n)+1
∫ r
0
t
2n
m
(m+p−1−n)+1νddcT (t)dt− r
− 2n
m
+1νddcT (r)
≤
2n
m
(m+ p− n)
2n
m
(m+ p− n) + 2
r1−
2n
m νddcT (r)− r
1− 2n
m νddcT (r) ≤ 0
for almost every 0 < r < r0. As a consequence, ΥT is a decreasing
function on ]0, r0], thus ΥT (r) ≥ ΥT (r0) for every 0 < r ≤ r0. We
conclude that we have for every 0 < r ≤ r0,
νT (r) ≥ ΥT (r0) + νddcT (r0)
r2(1−
n
m
)
1− n
m
.
The result follows by choosing for example c0 = min(0,ΥT (r0)). 
Theorem 2. Let T be an m−negative m−subharmonic current of bidi-
mension (p, p) on Ω. Assume that t 7−→ t−
2n
m
+1νddcT (z0, t) is integrable
in neighborhood of 0 for z0 ∈ Ω. Then the Lelong number νT (z0) of T
at z0 exists.
Proof. It suffices to prove the result with z0 = 0. For every 0 < r ≤
r0 < d(0, ∂Ω), we set:
g(r) = νT (r) + 2
∫ r
0
(
t
2n
m
(m+p−n)
r
2n
m
(m+p−n)
− 1
)
t−
2n
m
+1νddcT (t)dt.
The assumption implies that the function g is well defined and negative
on ]0, r0[. Moreover, using the Lelong-Jensen formula, one can prove
that for any 0 < r1 < r2 ≤ r0,
g(r2)− g(r1) =
∫
B(r1,r2)
T ∧ βn−m ∧ (ddcφ˜m)
m+p−n ≤ 0.
It follows that g is a negative decreasing function on ]0, r0], which gives
the existence of the limit
lim
r→0+
g(r) = lim
r→0+
νT (r)
because t 7−→ t−
2n
m
+1νddcT (t) is integrable in neighborhood of 0 and
((t/r)
2n
m
(m+p−n) − 1) is uniformly bounded. 
4. Lelong numbers of m−subharmonic functions
In this particular case we give a new expression of Lelong number of
ddcϕ using the mean values of them−sh function ϕ on spheres and balls
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analogous to the case of plurisubharmonic functions; for this reason we
set, as usual,
νϕ(a) = lim
r→0+
νϕ(a, r) := lim
r→0+
1
r
2n
m
(m−1)
∫
B(a,r)
ddcϕ ∧ βn−1
this number and we consider the mean values of ϕ over the ball and
the sphere respectively:
Λ(ϕ, a, r) =
n!
πnr2n
∫
B(a,r)
ϕ(x)dV (x)
λ(ϕ, a, r) =
(n− 1)!
2πnr2n−1
∫
S(a,r)
ϕ(x)dσ(x).
The main result of this paper is the following theorem:
Theorem 3. Let ϕ be an m−sh function on Ω. Then for any a ∈ Ω,
the Lelong number of ϕ at a is given by the following limits:
(4.1) νϕ(a) = 2 lim
r→0+
λ(ϕ, a, r)
φm(r)
=
2
n
(
n−
n
m
+ 1
)
lim
r→0+
Λ(ϕ, a, r)
φm(r)
.
In particular, if ϕ is bounded near a then νϕ(a) = 0.
To prove this theorem we need the following lemmas where we prove
some more precise results.
Lemma 3. Let a ∈ Ω, and 0 < r1 < r2 < d(a, ∂Ω). Then
λ(ϕ, a, r2)− λ(ϕ, a, r1) =
1
2
∫ φm(r2)
φm(r1)
νϕ(a, φ
−1
m (t))dt.
Proof. According to Green formula we have
λ(ϕ, a, r)− λ(ϕ, a, s) =
1
2n
[∫ r
0
tΛ(∆ϕ, a, t)dt−
∫ s
0
tΛ(∆ϕ, a, t)dt
]
=
1
2n
∫ r
s
tΛ(∆ϕ, a, t)dt
=
1
2n
∫ r
s
t
n!
πnt2n
∫
B(a,t)
∆ϕ(x)dV (x)dt
=
1
2n
∫ r
s
t
n!
t2n
∫
B(a,t)
2
(n− 1)!
ddcϕ ∧ βn−1dt
=
∫ r
s
1
t2n−1
∫
B(a,t)
ddcϕ ∧ βn−1dt
=
∫ r
s
1
t
2n
m
−1
νϕ(a, t)dt
=
1
2
∫ r
s
νϕ(a, t)dφm(t).
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Thus, a changement of variable t = φ−1m (r) gives,
λ(ϕ, a, r2)− λ(ϕ, a, r1) =
1
2
∫ φm(r2)
φm(r1)
νϕ(a, φ
−1
m (r))dr.

Lemma 4. Let a ∈ Ω. Then t 7−→ λ(ϕ, a, r) is convex increasing of
t = φm(r). Moreover, the following limit exists in [0,+∞[,
νϕ(a) = 2 lim
r→0+
λ(ϕ, r)
φm(r)
= 2
∂+λ(ϕ, r)
∂φm(r)
∣∣∣∣
r=0
Proof. According to the previous lemma
λ(ϕ, a, r2)− λ(ϕ, a, r1) =
1
2
∫ φm(r2)
φm(r1)
νϕ(a, φ
−1
m (r))dr.
It follows that,
2
∂+λ(ϕ, a, r)
∂φm(r)
= νϕ(a, r).
Since the Lelong function r 7−→ νϕ(a, r) is increasing on ]0, r0], then
the function φm(r) 7→ λ(ϕ, a, r) is convex increasing.
Furthermore, for 0 < r0 < d(a, ∂Ω) the following limit exists in [0,+∞[
2 lim
r→0+
λ(ϕ, a, r)
φm(r)
= 2 lim
r→0+
λ(ϕ, a, r)− λ(ϕ, a, r0)
φm(r)− φm(r0)
= 2
∂+λ(ϕ, a, r)
∂φm(r)
∣∣∣∣
r=0
= lim
r→0+
νϕ(a, r).

Now we can conclude the proof of Theorem 3.
Proof. The first equality in (4.1) is proved by Lemma 4. For the second
one, using the classical formula:
Λ(ϕ, a, r) = 2n
∫ 1
0
t2n−1λ(ϕ, a, rt)dt
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and Lemma 4, one can deduce that φm(r) 7−→ Λ(ϕ, a, r) is convex
increasing so the second limit in (4.1) exists. Moreover, one has
2 lim
r→0+
Λ(ϕ, a, r)
φ(r)
= 2n lim
r→0+
∫ 1
0
2
λ(ϕ, a, rt)
φ(rt)
t2n−
2n
m
+1dt
= 2nνϕ(a)
∫ 1
0
t2n−
2n
m
+1dt
=
n
n− n
m
+ 1
νϕ(a).

Corollary 1. Let ϕ be an m−sh function on Ω. Then the function
z 7−→ νϕ(z) is upper semi-continuous on Ω.
Proof. For any c ∈ R, we set Ωc := {z ∈ Ω; νϕ(z) < c}. To prove that
Ωc is open we claim that if c ≤ 0 then Ωc = ∅. So let c > 0 and z ∈ Ωc.
Without loss of generality, we can assume that ϕ < 0 on B(z, r0) for
some 0 < r0 < d(z, ∂Ω). Let c
′ ∈]νϕ(z), c[ and t ∈]0, 1[ such that
c′
(1− t)2(n+1−
n
m
)
< c.
As
2
n
(n + 1−
n
m
)
Λ(ϕ, z, r)
φ(r)
decreases to νϕ(z), then there exists 0 < r1 < r0 such that for every
0 < r < r1 one has
2
n
(n+ 1−
n
m
)
Λ(ϕ, z, r)
φ(r)
≤ c′.
Let 0 < r < r1. Then for any ξ ∈ B(z, rt) one has B(ξ, r(1 − t)) ⊂
B(z, r). Hence we obtain
Λ(ϕ, ξ, r(1− t)) ≥
1
(1− t)2n
Λ(ϕ, z, r)
Thus,
2
n
(n + 1−
n
m
)
Λ(ϕ, ξ, r(1− t))
φ(r(1− t))
≤
2
n
(n + 1− n
m
)
(1− t)2(n−
n
m
+1)
Λ(ϕ, z, r)
φ(r)
≤
c′
(1− t)2(n−
n
m
+1)
.
We conclude that we have
νϕ(ξ) ≤
c′
(1− t)2(n−
n
m
+1)
< c.
So ξ ∈ Ωc for every ξ ∈ B(z, rt).
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
Since z 7→ νϕ(z) is upper semi continuous on Ω then it is clair that
the level sets Emϕ (c) := {z ∈ Ω; νϕ(z) ≥ c} is closed. Moreover, for any
c > 0 we have Emϕ (c) ⊂ {ϕ = −∞} and its Hausdorff dimension
dimH(E
m
ϕ (c)) ≤
2n
m
(m− 1).
In particular, For m = 1 we have E1ϕ(c) is a locally finite set.
Indeed, let z ∈ Ω such that −∞ < ϕ(z) < 0. Then for any 0 < r <
d(z, ∂Ω) one has
ϕ(z)
φm(r)
≥
λ(ϕ, z, r)
φm(r)
≥ 0.
Hence, when we tend r → 0+ we get νϕ(z) = 0. It follows that
z 6∈ Emϕ (c) for all c > 0.
It is well known that for a plurisubharmonic function u, the level set
Eu(c) is analytic whenever c > 0 (this result is due to Siu [7]). Thus,
we can ask the following question:
Problem 1. Let ϕ be an m−sh function on Ω. What can be said
about the analyticity of level sets Emϕ (c) for any c > 0?
For the maximum of m−sh functions on spheres/or balls we have
the following proposition:
Proposition 4. Let ϕ be an m−sh function on Ω and a be a point
of Ω. Then φm(r) 7−→ M(ϕ, a, r) is a convex increasing function on
]0, d(a, ∂Ω)[ where
M(ϕ, a, r) := sup
ξ∈B(a,r)
ϕ(ξ).
In particular, the limit
lim
r→0+
M(ϕ, a, r)
φ(r)
exists.
Proof. Without loss of generality we can assume that a = 0 ∈ Ω.
Let 0 < r1 < r2 < d(0, ∂Ω). We consider the two following m−sh
functions on Ω:
u(z) =
ϕ(z)−M(ϕ, 0, r1)
M(ϕ, 0, r2)−M(ϕ, 0, r1)
and v(z) =
φm(|z|)− φm(r1)
φm(r2)− φm(r1)
.
Therefore
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• for every z ∈ B(r2) one has u(z) ≤ 1
• and for every z ∈ B(r1) one has u(z) ≤ 0.
Hence, {
u(z) ≤ 1 = v(z) if |z| = r2
u(z) ≤ 0 = v(z) if |z| = r1
which gives u(z) ≤ v(z) for every z ∈ ∂(B(r2)r B(r1)).
As v is an m−sh function and ddcum∧βn−m ≥ ddcvm∧βn−m = 0, then
thanks to the comparison principle, we have u ≤ v on B(r2) r B(r1).
Thus, for every z ∈ B(r2)r B(r1),
ϕ(z)−M(ϕ, 0, r1)
M(ϕ, 0, r2)−M(ϕ, 0, r1)
≤
φm(|z|)− φm(r1)
φm(r2)− φm(r1)
Then, for any r1 < r < r2 we have
M(ϕ, 0, r)−M(ϕ, 0, r1)
φm(r)− φm(r1)
≤
M(ϕ, 0, r2)−M(ϕ, 0, r1)
φm(r2)− φm(r1)
.
It follows that the function
r 7−→
M(ϕ, 0, r)−M(ϕ, 0, r1)
φm(r)− φm(r1)
is increasing on ]r1, d(0, ∂Ω))[. So we conclude the existence of the limit
ℓϕ(0) := 2 lim
r→0+
M(ϕ, 0, r)
φm(r)
.

Claim that we have ℓϕ(a) ≤ νϕ(a) for any a ∈ Ω and we have equal-
ity in some particular cases of m−sh functions ϕ on Ω. Hence we can
pose the following question:
Problem 2. Is it true that for any m−sh function ϕ on Ω and any
a ∈ Ω, we have
νϕ(a) = 2 lim
r→0+
M(ϕ, a, r)
φm(r)
?
In the following, we give an estimate to Lelong number by the mass
of m−sh function.
Remark 1. Let a be a point of Ω and ϕ be a function in Em(Ω). Then
νϕ(a) ≤ ((dd
cϕ)m ∧ βn−m({a}))
1
m
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Proof. Without loss of generality we can assume that a = 0 and ϕ
belongs to Fm(B) where B = B(r0) is a ball. We have
lim
s→0
∫
B(0,s)
ddcϕ ∧ (ddcφ˜m)
m−1 ∧ βn−m = νϕ(0).
Using Lemma 1, it follows that for ̺ ≥ 1,
νϕ(0) ≤
∫
B
−max
(
φ˜m
̺
,−1
)
ddcϕ ∧ (ddcφ˜m)
m−1 ∧ βn−m
≤
[∫
B
−max
(
φ˜m
̺
,−1
)
ddcϕm ∧ βn−m
] 1
m
×[∫
B
−max
(
φ˜m
̺
,−1
)
(ddcφ˜m)
m ∧ βn−m
]m−1
m
.
Since φ˜m is the elementary solution of the complex Hessian equation
we infer,
νϕ(0) ≤
[∫
B
−max
(
φ˜m
̺
,−1
)
(ddcϕ)m ∧ βn−m
] 1
m
Consequently, when ̺ goes to +∞, we obtain
νϕ(0) ≤ (dd
cϕ)m ∧ βn−m({0})
1
m .

5. Integrability exponents of m−subharmonic functions
This part is an application of previous parts where we study the
integrability exponents of m−sh functions. This problem was posed
by Blocki [1] in 2005. We express this exponent in terms of volume
of sub-level sets of the function, then we find a relationship between
it and the Lelong number of the function. In particular we determine
this exponent of a 1−sh function when its Lelong number is not equal
to zero.
Definition 2. Let ϕ be an m−sh function on Ω and K be a compact
subset of Ω. The integrability exponent ıK(ϕ) of ϕ at K is defined as
ıK(ϕ) = sup
{
c > 0, |ϕ|c ∈ L1(ϑ(K))
}
.
For simplicity, if K = {x} then we denote ı{x}(ϕ) by ıx(ϕ).
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Proposition 5. Let ϕ be an m−sh function on Ω. Then for every
compact subset K of Ω we have
ıK(ϕ) = inf
x∈K
ıx(ϕ).
Proof. For x ∈ K, we have
{c > 0, |ϕ|c ∈ L1(ϑ(K))} ⊂ {c > 0, |ϕ|c ∈ L1(ϑ(x))}.
Therefore, ıK(ϕ) ≤ ıx(ϕ). It follows that
ıK(ϕ) ≤ inf
x∈K
ıx(ϕ).
Conversely, let a < infx∈K ıx(ϕ). For any x ∈ K, let Ux be a neigh-
borhood of x such that |ϕ|a ∈ L1(Ux). As K is compact, then there
are x1, ..., xp ∈ K such that K ⊂ ∪
p
j=1Uxj = U . According to Borel-
Lebesgue Lemma, we have |ϕ|a ∈ L1(U). Hence a 6 ıK(ϕ) so we
conclude that we have infx∈K ıx(ϕ) 6 ıK(ϕ) . 
Some quite questions related to the integrability exponents of m−sh
function are still open, among this we can state the following:
Problem 3. Let ϕ be an m−sh function on Ω.
(1) Are the maps a 7−→ ıa(ϕ) and ϕ 7−→ ıa(ϕ) lower semi-continuous
respectively on Ω and on the set of locally integrable functions?
(2) Let Iϕ := {c > 0; |ϕ|
c ∈ L1(ϑ(z))}. Is Iϕ an open set? (open-
ness conjecture).
If the map a 7−→ ıa(ϕ) is lower semi continuous on Ω then for every
compact subset K of Ω there exists a ∈ K such that ıK(ϕ) = ıa(ϕ).
Lemma 5. Let ϕ, ψ be two m−sh functions on Ω and K be a compact
subset of Ω. If ϕ ≤ ψ in a neighborhood of K then
ıK(ϕ) ≤ ıK(ψ).
Proof. Without loss of generality we can assume that ϕ ≤ ψ ≤ 0 on
ϑ(K). It follows that,{
c > 0, |ϕ|c ∈ L1(ϑ(K))
}
⊂
{
c > 0, |ψ|c ∈ L1(ϑ(K))
}
and the result holds. 
Lemma 6. Let K be a compact subset of Ω and ϕ be an m−sh function
on Ω, negative on a neighborhood of K. For any t ∈ R we set Aϕ(t) =
{z ∈ Ω;ϕ(z) ≤ t}. Then for every positive number 0 < α < ıK(ϕ)
there exists Cα > 0 such that for any t < 0 we have
V (K ∩ Aϕ(t)) ≤
Cα
|t|α
.
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Proof. Let 0 < α < ıK(ϕ) and t < 0. If z ∈ Aϕ(t) ∩K then
ϕ(z)
t
≥ 1.
It follows that,
V (Aϕ(t) ∩K) ≤
∫
Aϕ(t)∩K
∣∣∣∣ϕ(z)t
∣∣∣∣α dV (z)
≤
1
|t|α
∫
K
|ϕ(z)|αdV (z)
as α < ıK(ϕ) then
Cα :=
∫
K
|ϕ(z)|αdV (z) < +∞.

Theorem 4. Let K be a compact subset of Ω and ϕ be an m−sh
function on Ω, negative on a neighborhood of K. Then
ıK(ϕ) = sup
{
α > 0; ∃ Cα > 0, ∀ t < 0 V (Aϕ(t) ∩K) ≤
Cα
|t|α
}
A similar result for the complex singularity exponents of plurisub-
harmonic functions was proved by Kiselman [6].
Proof. In order to simplify the notations, we set
γ = sup
{
α > 0; ∃ Cα > 0, ∀ t < 0 V (Aϕ(t) ∩K) ≤
Cα
|t|α
}
.
Thanks to Lemma 6, for α < ıK(ϕ) there is Cα > 0 such that for any
t < 0 one has V (Aϕ(t) ∩K) ≤
Cα
|t|α
, which means that γ ≥ ıK(ϕ).
In the other hand, let 0 < α0 < γ, then there exists Cα0 > 0 such that
for any t < 0,
V (Aϕ(t) ∩K) ≤
Cα0
|t|α0
.
It follows that for any 0 < α < α0 we have∫
K
|ϕ(z)|αdV (z) =
∫
R+
V (A|ϕ|α(s) ∩K)ds
=
∫
R+
V (Aϕ(−s
1
α ) ∩K)ds
≤
∫ 1
0
V (Aϕ(−s
1
α ) ∩K) +
∫ +∞
1
Cα0
s
α0
α
ds
≤ V (K) +
∫ +∞
1
Cα0
s
α0
α
ds < +∞.
Thus, α ≤ ıK(ϕ) so the result holds. 
The main result of this part is the following theorem:
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Theorem 5. Let ϕ be an m−sh function on Ω and x ∈ Ω. Then
ıx(ϕ) ≥
n
n−m
.
Moreover, if νϕ(x) > 0 then
ıx(ϕ) ≤
nm
n−m
.
The first part of this result was proved by Blocki [1] where he has
conjectured that for any m−sh function, the integrability exponent is
greater than or equal to nm
n−m
. If the conjecture is true then we conclude
that we have equality in the second statement.
Claim that this result gives that for any 1−sh function ϕ with non
vanishing Lelong number at a point x, the integrability exponent of ϕ
at x is ıx(ϕ) =
n
n−1
.
Proof. Without loss of generality we can assume that x = 0 ∈ Ω and
ϕ ≤ 0 in a neighborhood of 0.
(1) Let T = ddcϕ and χ be a cut-off function with support in a
small ball B(r), equal to 1 on B( r
2
). As (ddcφ˜m)
m ∧ βn−m = δ0,
for z ∈ B( r
2
)
ϕ(z) =
∫
B(r)
χ(ξ)ϕ(ξ)(ddcφ˜m(z − ξ))
m ∧ βn−m(ξ)
=
∫
B(r)
χ(ξ)ϕ(ξ)ddcφ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
=
∫
B(r)
ddc(χ(ξ)ϕ(ξ))φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
=
∫
B(r)
χ(ξ)ddcϕ(ξ)φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
+
∫
B(r)
ddcχ(ξ)ϕ(ξ)φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
+
∫
B(r)
dχ(ξ) ∧ dcϕ(ξ)φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
−
∫
B(r)
dcχ(ξ) ∧ dϕ(ξ)φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
=
∫
B(r)
χ(ξ)ddcϕ(ξ)φ˜m(z − ξ) ∧ (dd
cφ˜m(z − ξ))
m−1 ∧ βn−m(ξ) +R(z).
Where R is a C∞ function on B(r). Set
J(z) =
∫
B(r)
χ(ξ)T (ξ) ∧ (ddcφ˜m(z − ξ))
m−1 ∧ βn−m(ξ).
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As
νT (0, r) =
∫
B(r)
T (ξ) ∧ (ddcφ˜m(ξ))
m−1 ∧ βn−m(ξ)
then for 0 < δ < 1 and r small enough, one has
νT (0,
r
2
) ≤ J(0) ≤ νT (0, r) ≤ νT (0) + δ.
By continuity, there exists 0 < ε < r
2
such that for every
z ∈ B(ε) one has
(1− δ)νT (0,
r
2
) < J(z) ≤ νT (0) + 2δ.
Fix z ∈ B(ε) and let µz be the probability measure defined on
B(r) by
dµz(ξ) = J
−1(z)χ(ξ)T (ξ) ∧ (ddcφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
It follows that
−ϕ(z) =
∫
B(r)
J(z)(−φ˜m(z − ξ))dµz(ξ)− R(z)
As R is C∞ on B(r) then it is bounded on B(ε).
Hence, for any p ≥ 1 we have
(−ϕ(z))p ≤
(∫
B(r)
J(z)(−φ˜m(z − ξ))dµz(ξ) + C
)p
≤ Cp
(
−
1
C
∫
B(r)
J(z)φ˜m(z − ξ)dµz(ξ) + 1
)p
.
It is easy to show that
(5.1) (h+1)p ≤ hp+α1h
p−1+ ...+α⌊p⌋−1h
p−⌊p⌋+1+α(1+h), ∀h ≥ 0
for some positive constantes αj , α depending on p where ⌊p⌋ is
the integer part of p. If we set
h(z) =
−1
C
∫
B(r)
J(z)φ˜m(z − ξ)dµz(ξ)
then
(−ϕ(z))p ≤ Cp
⌊p⌋−1∑
j=0
αjh
p−j(z) + α(1 + h(z))
 .
Thus, to prove that (−ϕ)p ∈ L1(B(ε)), it suffices to prove that
hs ∈ L1(B(ε)) for every s = p, . . . , p− ⌊p⌋+ 1.
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Now, applying Jensen’s convexity inequality with the probabil-
ity measure µz, we obtain
(−h(z))s =
1
Cs
(∫
B(r)
J(z)(−φ˜m(z − ξ))dµz(ξ)
)s
≤
1
Cs
∫
B(r)
Js(z)(−φ˜m(z − ξ))
sdµz(ξ)
≤ as
∫
B(r)
(−φ˜m(z − ξ))
sχ(ξ)T (ξ) ∧ (ddcφ˜m(z − ξ))
m−1 ∧ βn−m(ξ)
≤ as
∫
B(r)
(−φ˜m(z − ξ))
sT (ξ)|z − ξ|
−2n
m
(m−1) ∧ βn−1(ξ)
where we use as :=
(νT (0)+2δ)
s−1
Cs
and the fact that
(ddcφ˜m(z − ξ))
m−1 ∧ βn−m ≤ |z − ξ|
−2n
m
(m−1)βn−1(ξ).
We conclude that for every z ∈ B(ε), we have
(−h(z))s ≤ as
∫
B(r)
1
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
T (ξ) ∧ βn−1(ξ)
≤ as
∫
B(r)
1
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
dσT (ξ).
Hence∫
B(ε)
(−h(z))pdV (z) ≤ as
∫
B(ε)
∫
B(r)
1
|z − ξ|(
2n
m
−2)+ 2n
m
(m−1)
dσT (ξ)dV (z)
The Fubini theorem implies∫
B(ε)
(−h(z))sdV (z) ≤ as
∫
B(r)
∫
B(ε)
dV (z)
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
dσT (ξ)
is finite. Indeed, for ξ ∈ B(ε) and η < ε− |ξ| one has∫
B(ε)
dV (z)
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
=
∫
B(ε)∩B(ξ,η)
dV (z)
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
+
∫
B(ε)∩Bc(ξ,η)
dV (z)
|z − ξ|(
2n
m
−2)s+ 2n
m
(m−1)
≤ C
∫ η
0
t−(
2n
m
−2)s− 2n
m
(m−1)+2n−1dt+ a
the last integral is finite for any s < n
n−m
.
(2) Assume that νϕ(0) > 0. Using the subharmonicity of ϕ and the
fact that ϕ is negative on B(3r) ⊂ Ω, it is not hard to see that
for any z ∈ B(r)r {0}
ϕ(z) ≤ Λ(ϕ, z, 2|z|) ≤
1
4n
Λ(ϕ, 0, |z|).
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Hence, for every 0 < p < ı0(ϕ) we have
(−ϕ(z))p ≥
(
−
1
4n
Λ(ϕ, 0, |z|)
)p
.
Thanks to Theorem 3, we have
2
n
(n−
n
m
+ 1)
Λ(ϕ, 0, s)
φm(s)
decreases to νϕ(0) as sց 0.
It follows that∫
B(r)
(−ϕ(z))pdV (z)
≥
1
4np
∫
B(r)
(−Λ(ϕ, 0, |z|))pdV (z)
≥
(
n
2× 4n(n+ 1− n
m
)
)p
2πn
(n− 1)!
∫ r
0
(
2(n+ 1− n
m
)Λ(ϕ, 0, t)
nφm(t)
)p
t2n−1−2p(
n
m
−1)dt
≥
(
nνϕ(0)
2× 4n(n+ 1− n
m
)
)p
2πn
(n− 1)!
∫ r
0
t2n−1−2p(
n
m
−1)dt
As 0 < p < ı0(ϕ), then the first integral is finite; hence the last one is
too which gives p < nm
n−m
. 
Remark 2. If the Lelong number of anm−sh function at a point a ∈ Ω
vanishes then the integrability exponent of this function at this point
can be greater than nm
n−m
. For example one can consider the function
ψ(z) = −
1
|z′|2(
n−1
m
−1)
where z = (z′, zn) ∈ C
n−1 × C and 2 ≤ m ≤ n − 2. It is simple to
see that ψ is an m−sh function with νψ(0) = 0 and the integrability
exponent of ψ at 0 is equal to m(n−1)
n−1−m
which is greater than nm
n−m
.
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